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SMARANDACHE CURVES ACCORDING TO BISHOP FRAME 
IN EUCLIDEAN 3-SPACE 

MUHAMMED QETIN, YILMAZ TUNQER, AND MURAT KEMAL KARACAN 



Abstract. In this paper, we investigate special Smarandache curves accord- 
ing to Bishop frame in Euclidean 3-space and we give some differential geomet- 
ric properties of Smarandache curves. Also we find the centers of the osculating 
spheres and curvature spheres of Smarandache curves. 



1. Introduction 

Special Smarandache curves have been investigated by some differential geome- 
ters [1,8]. A regular curve in Minkowski space-time, whose position vector is com- 
posed by Frenet frame vectors on another regular curve, is called a Smarandache 
Curve. M. Turgut and S. Yilmaz have defined a special case of such curves and call 
it Smarandache TB2 Curves in the space Ef [8]. They have dealed with a special 
Smarandache curves which is defined by the tangent and second binormal vector 
fields. They have called such curves as Smarandache TB2 Curves. Additionally, 
they have computed formulas of this kind curves by the method expressed in [10]. 
A. T. Ali has introduced some special Smarandache curves in the Euclidean space. 
He has studied Frenet-Serret invariants of a special case [1]. 

In this paper, we investigate special Smarandache curves such as Smarandache 
Curves TNi, TN2, N1N2 and TN1N2 according to Bishop frame in Euclidean 
3-space. Furthermore, we find differential geometric properties of these special 
curves and we calculate first and second curvature (natural curvatures) of these 
curves. Also we find the centers of the curvature spheres and osculating spheres of 
Smarandache curves. 



2. Preliminaries 

The Bishop frame or parallel transport frame is an alternative approach to defin- 
ing a moving frame that is well defined even when the curve has vanishing second 
derivative. We can parallel transport an orthonormal frame along a curve simply 
by parallel transporting each component of the frame. The parallel transport frame 
is based on the observation that, while T(s) for a given curve model is unique, we 
may choose any convenient arbitrary basis (Ni(s), N2(s)) for the remainder of the 
frame, so long as it is in the normal plane perpendicular to T(s) at each point. 
If the derivatives of (Ni(s), A^s)) depend only on T(s) and not each other we 
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can make N\(s) and N 2 (s) vary smoothly throughout the path regardless of the 
curvature [2,6,7]. 

In addition, suppose the curve a is an arclength-parametrized C 2 curve. Suppose 
we have C 1 unit vector fields N\ and N 2 = T/\ N\ along the curve a so that 

(T,N 1 ) = (T,N 2 ) = (N 1 ,N 2 ) = 0, 

i.e. , T ,N\,N 2 will be a smoothly varying right-handed orthonormal frame as we 
move along the curve. (To this point, the Frenet frame would work just fine if the 
curve were C 3 with ft ^ 0) But now we want to impose the extra condition that 
(N[,N 2 ) = 0. We say the unit first normal vector field Ni is parallel along the 
curve a. This means that the only change of Ni is in the direction of T. A Bishop 
frame can be defined even when a Frenet frame cannot (e.g., when there are points 
with k = 0). Therefore, we have the alternative frame equations 



T' 




0 k\ k 2 1 
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N i 
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o 
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Ni 


N' 2 _ 
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to 
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o 
1 




n 2 



One can show that 

k(s) = \jk\ + k 2 , #(s) = arctan ^ 0, r(s) = 

so that k\ and k 2 effectively correspond to a Cartesian coordinate system for the 
polar coordinates ft, 6 with 6 = — f r(s)ds. The orientation of the parallel transport 
frame includes the arbitrary choice of integration constant 9q, which disappears 
from r (and hence from the Frenet frame) due to the differentiation [2,6,7]. 

Bishop curvatures are defined by 

(2.1) k\ = « cos#, k 2 = ft sin# 
and 

(2.2) T = T , N\= N cos 9 — B sin # , JV 2 = N sm.9 + B cos # 

[9], 

3. Smarandache Curves According to Bishop Frame 
In [1], author gave following definitions: 

Definition 1. Let a = a(s) be a unit speed regular curve in E 3 and {T,N,B} be 
its moving Serret-Frenet frame. Smarandache curves T N are defined by 

P(s*) = ^(T + N). 

Definition 2. Let a = a(s) be a unit speed regular curve in E 3 and {T, N, B} be 
its moving Serret-Frenet frame. Smarandache curves NB are defined by 

fi(s*) = ^(N + B). 

Definition 3. Let a = a(s) be a unit speed regular curve in E 3 and {T, N, B} be 
its moving Serret-Frenet frame. Smarandache curves TNB are defined by 

1 
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In this section, we investigate Smarandache curves according to Bishop frame in 
Euclidean 3-space. Let a = a(s) be a unit speed regular curve in E 3 and denote by 
{T a . Nf. IV “} the moving Bishop frame along the curve a. The following Bishop 
formulae is given by 

(3.1) T a = kf N? + k%N£ , N? = ~k?T a , JV“ = 

with 

T a = Nf A 1V 2 “ , iV“ = -T a A 1V 2 “ , N? = T a A N?. 



3.1. TNi — Smarandache Curves. 



Definition 4. Let a = a(s) be a unit speed regular curve in E 3 and { T a , iV“, N!f} 
be its moving Bishop frame. T a iV “ — Smarandache curves can be defined by 



(3.2) 



/3(a*) = -j=(T a +N?). 



Now, we can investigate Bishop invariants of T a N ^— Smarandache curves ac- 
cording to a = a(s). Differentiating m with respect to s, we get 



= -j= (k?T a - k?N? - fc 2 “iV“) 



(3.3) 


■ d/3 ds* 

ds* ds 


and 


C/D 

* 




ds ' 


where 




(3.4) 


ds* 


ds 



y/2 



'2 ( fc?) 2 + ( fc 2 “) 2 



The tangent vector of curve /3 can be written as follow, 

-1 



(3.5) 



T a = 



^/2(fcf) 2 + (A 2 “) : 



(k?T a - k?N? - k%N2) . 



Differentiating (13.51) with respect to s, we obtain 
dTp ds* 1 



(3-6) = 



ds* ds 



(2 (fcf) 2 + (fc 2 “) ; 



2 \ 2 



(Ai T a + A 2 N? + A 3 1V“) 



where 



Ai = -fcr(fc 2 “) 2 -2(^) 4 -3(fc“) 2 (fc 2 Q ) 2 -(fc 2 Q ) 4 + fc^ 2 Q fc 2 “ 

A 2 = -2 (fcf) 4 - (kf) 2 (fc 2 “) 2 + kf (fc 2 “) 2 - k<?k%k% 

A 3 = -2 (fc“) 3 k% - (A£) 3 + 2 (fc“) 2 fc“ - 2k?k?k%. 

Substituting (13.41) in (13. 61) . we get 

V2 



Ta = 



(2 (fc “) 2 + (fc 2 ) 2 ) 



(AiT a + A 2 iV“ + A 3 /V“) . 
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Then, the curvature and principal normal vector field of curve /3 are respectively, 

II ,|| ^1 + A 2 + A3 

= \\ T P\\ = 7 “ ~T2 

(2 (fcf ) 2 + (fc 2 “) 2 ) 

and 

JV S = 1 (A,r„ + AjJV," + A 3 JVf ) . 

+ A* + A* 

On the other hand, we express 

T a N? N£ 

Uot b.a ua 

tv 2 1^2 

Ai A2 A3 

So, the binormal vector of curve /3 is 

Bp = — — (cr iT a + a 2 IVf + <73 N£) 

y 2 (&f ) 2 + (fcf ) 2 Y Aj + A2 + A3 

where 

CTl = A 3 fc? - A 2 fcf , <r 2 = A 3 fc“ + Ai^ 2 , 0-3 = — (Ai + A 2 ) . 

We differentiate (13. 3f> with respect to s in order to calculate the torsion 

P = ^ {(*? + (^) 2 + (fc?) 2 )^ - (fcf - (fcf) 2 )^ - (*? - *?*§W} , 

and similarly 

/3' = -^( /9l T a + p2^ 1 Q + p 3 lV 2 Q ), 

where 

Pl = -jfef - 3 jfcf jfef - 3 jfefjfef + (jfef ) 3 + jfef (fcf) 2 
p 2 = - (A;?) 3 - fcf (fc 2 “) 2 + fcf 

p 3 = -2fcffcf-(fcf) 2 fcf-(fcf) 3 - fcf*f + fcf. 

The torsion of curve /3 is 



= 



v/2 (fc“ ) + (fcf) v/a 2 + A 2 + A5 



T/3 = 



^2 <1 (( fc ?) - *?)(P3*f + Pi*?) + *?(*? - *?*?)(P! + p 2 ) 

-(*1 + (*?) 2 + (* 2 ) 2 )( p 2 * 2 - p 3 fc “) 

(jfef fcf - ifef jfef ) 2 + (jfef jfef - 2 (jfef ) 2 jfef - jfef jfef - (fcf) 3 ) 2 + (2 (jfef ) 3 + jfef (fcf) 2 ) 2 



The first and second normal field of curve fi are as follow. Then, from 
obtain 



we 



l ( (vTtcos^Ai - sin^cri) T a 
N f = —— < + (y/JI cosdp\ 2 - smOpa 2 ) iVf > , 
V w { + {^/Ji cos 6 »^A 3 - sin 6 pa 3) N% ) 



and 
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1 ( (y/JIsm9p\i+cosdpo-i)T a 'I 

N% = —— < + (^/JismOpM + cos 0 pu 2 ) IVf > 

\ + (y/jl sin 9 p \3 + cos 0 po 3) iV,f J 

where Op = — J rp(s)ds and p = 2 (fc“) 2 + (fc 2 ) 2 , rj = ^^1 + A 2 + Ag 

Now, we can calculate natural curvatures of curve /3, so from (EH) we get 



\J2{X{ + A 2 + A 3 ) cos Op 

(2 ( fcf ) 2 + ( fc 2 “) 2 ) 2 

and 



^p _ \/ 2 ( A? + A 2 + A 2 ) sin ^/3 

(2 (fcf ) 2 + (fcf ) 2 ) 2 

3.2. TN 2 — Smarandache Curves. 



Definition 5. Let a = a(s) 6e a unit speed regular curve in E 3 and {T a , Nf . AT)*} 
&e its moving Bishop frame. TaNtf— Smarandache curves can be defined by 



(3.7) 



/3( S *) = -^(T a + 7V«). 



Now, we can investigate Bishop invariants of T a iV,f — Smarandache curves ac- 
cording to a = a(s). Differentiating EH with respect to s, we get 



(3.8) 


/3 = ^ (*£T Q - 


and 


ds* —1 

T/ 3 H7 = 7! {k * Ta " W 


where 


(3.9) 


ds* ,/(fc ?) 2 + 2 (A -) 2 

ds V 2 



The tangent vector of curve fi can be written as follow, 



-1 



(3.10) Tp = — 

V (*?)' + 2 (*?)' 

Differentiating (13.101) with respect to s, we obtain 



(k%T a - kfNf - kfN% 



(3.11) ?7^r = t (MT a + A 2 A'f + A 3 N“) 

((fcf > 2 + 2 (fc 2 «) 2 j 

where 

A! = -(fcf) 2 *?-(*:f) 4 -3(A!f) 2 (fcS 1 ) 2 -2(fe?) 4 + feffcffc? 

A 2 = -(fcf) S *2 -2k?(k%) 3 +2k?(k%) 2 -2k?k%k% 

A 3 = -(fci“) 2 (fc 2 Q ) 2 -2(fe 2 “) 4 + (fc 1 “) 2 ^- *?*?*£. 
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Substituting (13.91) in (13.111) . we get 

V2 



T'a = 



((fc?) 2 +2(fc£) 2 )' 



(Ai T a + \ 2 N? + X 3 N 2 “) . 



Then, the first curvature and the principal normal vector field of curve /3 are re- 
spectively, 



K P — \\T'b\\ — 



V2^/Xl + X 2 2 + Xl 



and 



Nf, = 



^Jxl + xl + xl 

On the other hand, we express 

B p = / o * , 

V (M* ) 2 + 2 (k 2 f\Jx\ + X 2 2 + X 3 

So, the binormal vector of curve fi is 

1 



((*? ) 2 + 2 (k%? 

{X\T a + A 2 1V“ + A 3 JV 2 “) . 



T a Ni N 2 

Lot l,<y L.CX 

ri 2 

Ai A 2 A3 



B r = 



“) 2 + 2 ik 2 ) 2 \J A 2 -(- A 2 + A3 



(<riT a + a 2 N f + <t 3 1V 2 “) 



where 



tri = A 3 fc? - A 2 fc 2 “ , <t 2 = (A 3 + Ai) , ct 3 = - (A 2 A£ + Ai*?) . 

We differentiate (|3.8I) with respect to s in order to calculate the torsion of curve /? 

P = {(*£ + (fcf ) 2 + (k 2 ) 2 )T a - (A£ - {k 2 ) 2 )N 2 | , 

and similarly 

ft = ( Pi + P 2 -^l + P 3 ^ 2 ) , 

where 

Pl = -k% - 3fcf fcf - 3A£fc? + (fc“) 2 A£ + (fc£) 3 
p 2 = -2k?k%-(k?) 3 -k?(k%) 2 -k?k2 + k? 

P 3 = —3k 2 k 2 — (fc“ ) 2 fc 2 — (fc 2 ) 3 + k 2 . 

The torsion of curve /3 is 



T/3 = 



^2 ^ k 2(k?k% - fef )(p 3 + pO + (fc 2 - (fcf) 2 )(p 2 /cf + Pifcf ) 

-(*2 + ( fc “) 2 + (*2 ) 2 )( p 2 k 2 - P 3 k ?) 

(k?k% - fcf fc£) 2 + (-2 (£f ) 3 - (fcf ) 2 fc“) 2 + (2fcf (fcf ) 2 - fcf /cf + fcf k% + (fcf ) 3 ) 2 



The first and second normal field of curve /3 are as follow. Then, from (12.21) we 
obtain 
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N£ = 



and 






1 



N% = 



(y^Icos^Ai — sin0^cri) T a 

- (y/jl cos 0/3 A 2 - sin 0/3(72) iVf 

- (y^Z 0056/3X3 - sin 0,3(73) iV^ 



(yZ/Zsind^Ai + cos0^or) T a 
y/^i sin 6/3X2 + cos 6/3(72) iVf 
y/^Zsin 0/3 A3 + cos 0,30-3) ZV£* 



where 6p = — J r / 3 (s)ds and /x = (fcf ) 2 + 2 (k% ) 2 , V = \J X \ + \\ + A 2 . 

Now, we can calculate natural curvatures of curve /?, so from (EH) we get 



K = 



and 



k p 2 = 



\J 2 (Aj -(- A 2 + A3) cos 6/3 

(( fc ?) 2 + 2 ( fcf ) 2 ) 2 

y 2 (A 2 + A 2 + A 2 ) sin 0 ^ 



((fc?) 2 + 2(A£) 2 ) 

3.3. N 1 N 2 — Smarandache Curves. 

Definition 6. Let a = a(s) be a unit speed regular curve in E 3 and {T a , ZV“, N £ } 
be its moving Bishop frame. N^N^— Smarandache curves can be defined by 



(3.12) 



/3(s*) = ^=(N? + N?). 



Now, we can investigate Bishop invariants of Nf N,f — Smarandache curves ac- 
cording to a = a(s). Differentiating (13.121) with respect to s, we get 



(3.13) 
and 

where 

(3.14) 



a _ d/3 ds* _ + 

* ds* ds s/2 

r^ds* + 

J- ft , — /— ‘ a 

ds v2 



ds* + kf 
ds 



V2 • 



The tangent vector of curve /3 can be written as follow, 

(3.15) T/3 = -T a . 
Differentiating (13.151) with respect to s, we obtain 

(3.16) d fit d 4 

ds* ds 

Substituting (13.141) in (13.161) . we get 



= -k?N? - k%N? 



/ti I /tn 
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Then, the first curvature and the principal normal vector field of curve /3 are re- 
spectively, 

,, V2^/(k?) 2 + (k%) 2 

k p = F/sll = - 



and 



Np = 



- 1 



On the other hand, we express 



B a = 



(k?) 2 + (A#) 2 



So, the binormal vector of curve /3 is 
B.- 



I 1c®~ 

rb 0^2 

{KN? + fc 2 “iv 2 “) . 



T a Ni N? 
- 1 0 0 
0 -k? -k% 



( W - fc«iV 2 “) . 



^](ky) 2 + {kyf 

We differentiate (13.131) with respect to s in order to calculate the torsion of curve /? 



*"75 


| (V? + k^ T q + ((fc“) 2 + ^2 


and similarly 


"P = y= (Pl T « + P 2 F 


where 




Pi = fc“ + Ai 2 “-(fc“) 3 -(fc“) 2 




p 2 = 3fc“fc“ + 2fc?fc£ + kyk% 




p 3 = 2kyk% + 3fc 2 fc 2 + jfeffcj. 



lck\3 



The torsion of curve /3 is 

-y/2 [p 3 ((ki f + k?k%) - p 2 {k?k% + (k % ) 2 )| 



T/3 = 



(fcf + fc 2 “) {(fc?fc 2 “ + (fc 2 “) 2 ) 2 + ((fcf) 2 + W) 2 } ' 



The first and second normal field of curve /3 are as follow. Then, from (12.21) we 
obtain 



N f = 



and 



1 



\J {kif + {k%y 



{{k% sin dp - ky cos Op) N? - (*£ cos Op + fc? sin flg) 7V“} , 



N% = 



^(k?) 2 + (k%y 



■. {— (fc“ sin Op + fc 2 cos Op) Ny + (fc“ cosOp — fc 2 sin0^) 7V^} 



where Op = — f rp(s)ds. 

Now, we can calculate the natural curvatures of curve /3, so from (O) we get 
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K = 



and 



if + (k%f)cos 0 p 
h a -U b a 

lb | lb 2 



K = 



if + (k%f) sin 0 p 

L.QL Ld 
A/^ I A/2 



3.4. TN 1 N 2 — Smarandache Curves. 

Definition 7. Let a = a(s) be a unit speed regular curve in E 3 and { T a , iV“, iV.f } 
&e its moving Bishop frame. TaN^Ntf— Smarandache curves can be defined by 



(3.17) 



P( s *) = —(T a + N? + N?). 



Now, we can investigate Bishop invariants of TaN^Ng — Smarandache curves 
according to a = a(s). Differentiating (13.171) with respect to s, we get 



(3.18) 
and 

where 

(3.19) 



dR ds* —1 

P = = 7! {{k? + k * ] Ta ~ ~ k * K) 



ds* -1 

Tp-fo = ^ m + *?) T a - k^N? - h%N?) 



ds* 

ds 



\ 



((if) 2 + + (t?) ! 



The tangent vector of curve /3 can be written as follow, 



(3.20) 



Ta = 



-1 



k?f + k?k 2 + (k%f} 



((k? + k%)T a -k?N?-k$N2 



Differentiating (13.201) with respect to s, we obtain 
dTp ds* _ 1 



(3.21) 



ds* ds 



2V2 {(fc?) 2 + W + (fc?) 2 } ! 



(A iT a + A 2 N? + X 3 N 2 ) 



Xi = — 2 fc “ ( fc 2 ) 2 — ( fc “) 2 fc 2 + fc “ fc 2 fc 2 — 2 ( fc “) 4 — 2 ( fc “) 3 / c 2 

-4 ( fc “) 2 ( fc “) 2 - 2 fc “ ( fc 2 “) 3 - 2 ( fc 2 “) 4 + fcffcffc ? + k ? ( fc 2 “) 2 
A 2 = - 2 ( fc “) 4 - 4 ( fc “) 3 fc “- 4 ( L “) 2 ( fc “) 2 - 2 fc “( fc “) 3 + fc “ fc “/!;° 
4-0h a th a \ 2 — (h a i 2 h a — 9 h a h a h a 

I Z/ A/ y V^l / ' 1 '2 ^A/j^ A/ 2 A/ 2 

A 3 = ~~2 ( fc “) 3 fc 2 — 4 ( fc “) 2 ( fc 2 ) 2 — 4 fc “ ( fc 2 ) 3 — 2 ( fc 2 ) 4 

4-9 rf'L Q i 2 £■“ 4- h a h a h a — 9 h a h a h a _ it Q l 2 

. \'* y l ) A' 2 A 2 ! A'2 ^2 ^/A/^ A/^ A/ 2 A/j^ \A'2 / ’ 



where 
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Substituting (13.191) in (13.211) . we get 

V3 



T'a = 



4 {(fcf) 2 + fcffc 2 “ + (fcf) 2 }' 



(AiT a + A 2 7V“ + A 3 1V“) . 



Then, the first curvature and the principal normal vector field of curve /3 are re- 
spectively, 



«<* = ikii = 



and 

(3.22) 



N a = 



On the other hand, we express 



V3yJ\l + Xl + Xl 

4{(fc 1 “) 2 +fc“fc“ + (Af) 2 } 2 
(AiT q + A 2 7V“ + A 3 iV 2 “) . 



B b = 



2 ( (kf ) + kf fc 2 + {kq ) ) V 'V + A 2 + A 3 



Try 



N? 7V 2 a 



So, the binormal vector of curve /3 is 

1 



(3.23) B p = 



where 



2 I (fc“ ) + fcf fc 2 + (fc 2 ) V \ + ^2 + ^3 



_ /'l.a , l,a\ La jLa 

T /v 2 ) rui n- 2 

Ai A 2 A 3 



{a x T a + a 2 lV“ + (7 3 iV 2 “) 



0-1 = A 3 fcf - A 2 fc 2 , ct 2 = A 3 (fc“ + fc 2 ) + Aifc^ , er 3 = - (A 2 (fcf + fc 2 ) + Alfcf) . 

We differentiate (13.181) with respect to s in order to calculate the torsion of curve 

P, 

P = {(*? + kq + ( kqf + (kqf)T a - (kq - (kqf - - (kq - kqkq - (fc 2 a ) 2 )iV“ 

and similarly 

P = (Pl^a + P2^1 + Pz^q) , 

where 

Pl = -jfcf - fc“ - 3fc? fc’f - 3fc^fcf + (jfcf ) 3 + (jfcf ) 2 kq + kq (kqf + (kqf 

n — —1h a h a — Oh a h a — (h a \ 3 - h a <h a \ 2 — h a h a 4- h a 

fJ2 Orb 2 Ay^ Z/Ay^ n^2 \” / l / Ay 1 ^ Ay 2 y Ay 2 Ay 2 Ay ^ 

,, _ _o {.“J.® _ ■2lc 0 ‘k a — J-“ _ !'I- C M 3 _ h a h a 4- h a 

P 3 — fi, 2 ofl ' 2 "'2 l"-! / ft '2 l ft '2 i "-l ^2 ' fi '2 



The torsion of curve j3 is 
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f (fc? - (kf) 2 - k?k%)(-p 3 k? - p 3 k% - p x k%) j 

+(&2 - fc i fc 2 - (k%) 2 )(p 2 k? + p 2 k% + Mi) | 

1 -(k? + k% + (k?) 2 + (k%) 2 )(-p 3 k? + p 2 k%) J 

T 0 ~ ( \ ■ 

(L a h a _ La , Lav 2 i (LaLa _ 9 O.a'i 2 j,a _ 91,0 /7„a\ 2 _ 9 (La\3 _ ;, Q jLa\2 
I «, 2 ^1 "-2 ) ' I'M ft 2 z I'M / "'2 zft l I'M I z I'M I "T ft 2 / l 

( +(2 (fcf ) 3 + 2 (fcf f k% + 2k? (A# f - k? k% + k? fc?) 2 | 

The first and second normal field of curve /3 are as follow. Then, from (12.21) we 
obtain 



and 



, f (\f2jl cos 9 p Xi — singer) T a 'l 

iVf = < + (^Ificos9pX 2 - sin9pa 2 ) Nf > , 

v 9V y + (y/2p cos 0@\ 3 — smOpas) Ng J 



y ( (^2p sin 9 p Xi + cos 9 pa i) T a 'l 

7V| = < + (^/jp,sm9pX 2 + cos 9 paf) iVf > , 

V-W + (y2/Jsin^A 3 + cos9pa 3 ) N% J 



where 9p — — J Tp(s)ds and p = (k?) 2 + k?k% + (fc 2 ) 2 , p = ^ X 2 + X 2 + Ag 
Now, we can calculate the natural curvatures of curve /3, so from ED we get 



^ p _ \J 3(Ai + A 2 + A 3 ) cos 9p 

1 “ 4 (( Af ) 2 + fc ? + ( fc ?) 2 ) 2 

_ y^A 2 + A 2 + A 3 ) sin 0^ 

2 ~~ 4 ((fc?) 2 + fc“fcf + (fc£) 2 ) 2 ' 



4. Curvature Spheres and Osculating Spheres of Smarandache Curves 

Definition 8 . Let a : (a, &) — >• K™ be a regular curve and let F : R n — > R be 
a differentiable function. We say that a parametrically defined curve a and an 
implicity defined hypersurface F~ 1 ( 0) have contact of order k at a(to) provided we 
have ( Foa)(to ) = (Foot)' (to) = ... = (Foafi k \to) = 0 but (Foa)^ k+1 i (to) 7 ^ 0 [5]. 

If any circle which has a contact of first-order with a planar curve, it is called 
the curvature circle. If any sphere which has a contact of second-order with a space 
curve, It is called the curvature sphere. Furthermore, if any sphere which has a 
contact of third-order with a space curve, it is called the osculating sphere. 

Theorem 1. Let /3(s*) be a unit speed Smarandache curve of a(s) with first cur- 
vature fcf and second curvature k 2 , then the centres of curvature spheres of j3(s*) 
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according to Bishop frame are 

fcf T 4 Jr 2 ((*?) 2 -(*£) 2 )- 1 
^ = ^ ) + ^ 

3fcf±fc 2 Vr 2 ((fcf) 2 -(fcf) 2 )-l Ar/3 
+ 4/cf fcf 2 ' 

Proof. Assume that c(s*) is the centre of curvature sphere of /3(s*), then radius 
vector of curvature sphere is 

c - 0 = <5i7> + + <5 3 Af- 

Let we define the function F such that F = (c(s*) — /3(s*),c(s*) — /3(s*)) — r 2 . 
First and second derivatives of F are as follow. 



F' = -2<5i 

F" = — 2(Asftf 2 + - 1). 

The condition of contact of second-order requires F = 0, F' = 0 and F" = 0. Then, 
coefficients Si, 62,63 are obtained 

= 0 

fcf =F k$ ijr 2 ((fcf) 2 - (/c^) 2 ) - 1 

4(fcf) 2 

3fcf±fc 2 ^r 2 ((fcf) 2 -(^) 2 )-l 
4 jfef&f 

Thus, centres of the curvature spheres of Smarandache curve /? are 

k{ T l4 Jr 2 ((fcf) 2 - (fcf) 2 ) - 1 

c( s *) = /?(**) + — 7771^ < 

4(fcf ) 

3fcf±fc 2 ^r 2 ((fcf) 2 -(^) 2 )^l Ar/3 
+ 4fcf fcf 2 ' 

□ 



51 

52 

5 3 



Let S 3 = A, then c(s*) = /3(s*) + <$ 2 JVf + A N% is a line passing the point 
/3(s*) + S2N1 and parallel to line IV-f . Thus we have the following corollary. 

Corollary 1. Let (3(s*) be a unit speed Smarandache curve ofa(s) then each centres 
of the curvature spheres of {3 are on a line. 



Theorem 2. Let fl(s*) be a unit speed Smarandache curve of a(s) with first cur- 
vature fcf and second curvature fc 2 , then the centres of osculating spheres of /3(s*) 
according to Bishop frame are 



c(s*) = /?(s*) + 






SMARANDACHE CURVES ACCORDING TO BISHOP FRAME IN EUCLIDEAN 3-SPACE 13 



Proof. Assume that c(s*) is the centre of osculating sphere of /3(s*), then radius 
vector of osculating sphere is 

c(s*) - p(s*) = 5\Tp + 5 2 N? + 6 3 N$. 

Let we define the function F such that F = ( c(s *) — (3(s*),c(s*) — /3(s*)) — r 2 . 
First, second and third derivatives of F are as follow. 

F' = —28 1 

F" = -2(fcf S 2 + k%6 3 - 1) 

F"' = -2 ((fc?)'<S 2 - (fcf ) 2 <5 i + (k2)'8 3 - (k$) 2 8 1 ) . 

The condition of contact of third-order requires F = 0, F' = 0, F" = 0 and F'" = 0. 
Then, coefficients <5 1 , J 2 , <^3 are obtained 

(^2 y 



<5i =0, S 2 — 



6 ; 3 = — 



(*?)' 



(fcf) 2 (|r) (fcf)2 (^) 



Thus, centres of the osculating spheres of Smarandache curve f3 can be written as 
follow 



c(s*) = 0(s*) + 



MY —Nf — 



Mr_ N g 

r iy 2 * 



(*? ) 2 (f ) (fcf) 2 (§) 



□ 



Corollary 2. Let /3(s*) be a unit speed Smarandache curve ofa(s) with first curva- 
ture fcf and second curvature k% . then the radius of the osculating sphere of /3(s*) 
is 



r(s*) = 



v( (fcf), y 




(*£)') 2 


(fcf) 2 


/ k 2 


r 



Example 1. Let a (t) be the Salkowski curve given by 

a (t) = (or (t ) , a 2 (t ) , a 3 (t)) 



(4.1) 

where 

Oi 1 = 

ct 2 = 

a 3 = 
and 



7r=b? irwrk 1 sin 1 ((1 + 2n) ~ w^n) sin ((1 ~ 2n) t] \ sin 

(rTtIr 008 ( d + 2n) *) + REUS) c “ 1 1(1 - 2n) *> + 5 

cos (2 nt) 

Am\[\ 



me 



v / lTm2 



n = 
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a ( t ) can be expressed with the arc lenght parameter. We get unit speed regular curve 
by using the parametrization t = ^ arcsin (ny / 1 + m 2 s ) . Furthermore, graphics of 
special Smarandache curves are as follow. Here m = \/3- 



Figure 1 : Smarandache Curve T a N “ 



Figure 2 : Smarandache Curve T a N!£ 



Figure 3 : Smarandache Curve _ZV“ Ntf 
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Figure 4 : Smarandache Curve T a N% 
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